Evolution of two-time correlations in dissipative quantum spin systems:
  aging and hierarchical dynamics by Wolff, Stefan et al.
Evolution of two-time correlations in dissipative quantum spin systems: aging and
hierarchical dynamics
Stefan Wolff,1 Jean-Se´bastien Bernier,1 Dario Poletti,2 Ameneh Sheikhan,3, 1, ∗ and Corinna Kollath1
1HISKP, University of Bonn, Nussallee 14-16, 53115 Bonn, Germany
2Science and Math Cluster and EPD Pillar, Singapore University of Technology and Design, 8 Somapah Road, 487372 Singapore
3Department of Physics, Shahid Beheshti University, G.C., Evin, Tehran 19839, Iran
We consider the evolution of two-time correlations in the quantum XXZ spin-chain in contact
with an environment causing dephasing. Extending quasi-exact time-dependent matrix product
state techniques to consider the dynamics of two-time correlations within dissipative systems, we
uncover the full quantum behavior for these correlations along all spin directions. Together with
insights from adiabatic elimination and kinetic Monte Carlo, we identify three dynamical regimes.
For initial times, their evolution is dominated by the system unitary dynamics and depends on
the initial state and the Hamiltonian parameters. For weak spin-spin interaction anisotropy, after
this initial dynamical regime, two-time correlations enter an algebraic scaling regime signaling the
breakdown of time-translation invariance and the emergence of aging. For stronger interaction
anisotropy, these correlations first go through a stretched exponential regime before entering the
algebraic one. Such complex relaxation arises due to the competition between the proliferation
dynamics of energetically costly excitations and their motion. As a result, dissipative heating
dynamics of spin systems can be used to probe the entire spectrum of the underlying Hamiltonian.
Two-time correlations are powerful tools to capture the
fundamental dynamical features of many-body systems
both in and away from equilibrium. These correlation
functions are of the form 〈B(t2)A(t1)〉 where A and B are
operators, t1 and t2 are two different times, and 〈. . . 〉 =
tr(ρ . . . ) is the average over the density matrix ρ of a
given system.
Numerous experimental techniques have been devel-
oped to probe these correlations measuring the response
of many-body systems. A non-exhaustive list includes
ARPES [1], neutron scattering [2] or conductivity and
magnetization measurements in solids [3], and radio-
frequency [4], Raman, Bragg [5] (and references therein)
or modulation spectroscopy [6] in cold gases. In equilib-
rium, these experimental methods provide information
on various spectral features such as collective excitations
and bound states. Whereas away from equilibrium, these
techniques are employed to identify the formation of dy-
namically induced states in isolated quantum systems
subjected to an external parameter change, and to cap-
ture, using for example magnetic susceptibility measure-
ments, the aging dynamics of classical spin glasses [7].
Theoretically, two-time correlations have been studied
in isolated many-body quantum systems (i.e. not in con-
tact with an environment), both in and far from equi-
librium. However, for open many-body quantum sys-
tems (i.e. in contact with an environment) evaluating
out-of-equilibrium two-time correlations has proven ex-
tremely challenging. Most works have instead focused
on characterizing the non-equilibrium dynamics of open
systems by considering the universal scaling behavior of
simpler observables or the propagation of single-time cor-
relations [8, 9], by using various approximate approaches
to evaluate two-time correlations [10–15], or by consider-
ing small many-body quantum systems [16].
Here, for the first time, we evaluate quasi-exactly the
evolution of both the two-time correlations along the z-
spin direction, 〈Szl (t2)Szl+d(t1)〉, and along the ±-spin di-
rections, 〈S+l (t2)S−l+d(t1)〉, in a quantum XXZ spin-1/2
chain in contact with a memoryless environment causing
dephasing. Szl and S
±
l are the spin-1/2 operators in the z
and ± directions at site l. Previous works on this system
had solely focused on the evaluation of equal-time cor-
relations along the ±-spin directions [17] identifying an
algebraic regime similar to the one found for interacting
bosons in contact with a dissipative environment causing
dephasing [18, 19]. Additionally, in the classical limit,
for large interaction anisotropies, the 〈Szl (t)Szl (0)〉 cor-
relations were shown to display a stretched exponential
behavior [13].
We developed here a variant of the quasi-exact time-
dependent variational matrix product state (t-MPS)
technique [20, 21] applicable to two-time correlations.
Using this novel approach, we uncover the full quan-
tum behavior of these correlations along both the z
and the ±-spin directions when the evolution of the
spin system begins from an excited state such as the
Ne´el | ↑, ↓, ↑, ↓, . . . , ↑, ↓〉 or the single domain wall state
| ↑, . . . , ↑, ↑, ↓, ↓, . . . , ↓〉. Our analysis is carried out us-
ing an implementation of t-MPS built upon the ITensor
library [22]. The density matrix operator is represented
as a pure state in an enlarged Hilbert space and the evo-
lution of the two-time correlations is implemented us-
ing an approach similar to the one used to obtain their
equilibrium thermal counterparts [23, 24]. Taking good
quantum numbers into account [9, 25] enables us to fol-
low the quasi-exact evolution of systems for sufficiently
long times to identify three interesting dynamical regimes
signaled by changes in the behavior of the two-time cor-
relations along the z-spin direction.
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2The first regime, identified at initial times, is domi-
nated by the system unitary dynamics. This regime de-
pends significantly on the initial state and on the Hamil-
tonian parameters, and, for weak dissipation, resembles
the dynamics of the isolated system. The second regime,
identified both numerically and analytically, is charac-
terized by an algebraic scaling: for distances d ≥ 1, the
normalized correlations are proportional to (t2/t1)
−3/2
signaling the emergence of aging dynamics with broken
time-translation invariance. In this particular case, this
aging regime finds its origin in the presence of underlying
diffusive processes. Finally, in the third regime, correla-
tions evolve following a stretched exponential, a behavior
typically associated with glasses or systems exhibiting hi-
erarchical separation of time-scales. This regime, which
we identify for the first time over a wide range of t1 us-
ing quasi-exact simulations, only occurs for sufficiently
strong interaction anisotropies when the evolution begins
from initial states with occupied energy levels well sepa-
rated from others. The evolution of these two-time cor-
relations is governed by the competition between the nu-
cleation (or annihilation) dynamics of energetically costly
excitations and their motion, two processes occurring on
very different time-scales.
We interpret our quasi-exact numerical findings us-
ing adiabatic elimination and kinetic Monte Carlo from
which the scaling properties can be predicted, and find
the observed dynamics to closely relate to the spectrum
of the spin Hamiltonian. Monitoring the dynamics of
two-time correlations induced by dissipative heating thus
constitutes a novel approach to characterize spin systems
as it reveals features spanning the entire spectrum of the
underlying Hamiltonian. Let us also mention that the
two-time correlations along the ±-spin direction decay
exponentially and therefore exhibit a completely differ-
ent behavior from which the regimes mentioned earlier
cannot be inferred.
To investigate the non-equilibrium dynamics of two-
time correlations in an open quantum system, we con-
sider a spin-1/2 chain under the effect of local dephasing
noise. In such a situation, the evolution of the density
operator ρ is described by the Lindblad master equation
∂ρ
∂t
= − i
~
[HXXZ, ρ] +D(ρ). (1)
The first term on the right-hand side describes the uni-
tary evolution due to the XXZ spin-1/2 Hamiltonian
HXXZ =
L−1∑
j=1
[
Jx
(
Sxj S
x
j+1 + S
y
j S
y
j+1
)
+ JzS
z
j S
z
j+1
]
,
where Jx and Jz are the exchange couplings along the
different spin directions, Sαj is the α-direction spin oper-
ator at site j, and L is the length of the chain. The
isolated XXZ spin-chain is solvable by Bethe ansatz
and is known to present three distinct phases [26]: for
−1 ≤ Jz/Jx ≤ 1, the easy plane anisotropic phase is gap-
less, while Jz/Jx < −1 presents a gapped ferromagnetic
phase, and Jz/Jx > 1 hosts a gapped antiferromagnetic
phase. The second term on the right-hand side of Eq. 1
describes the dephasing noise in Lindblad form
D(ρ) = γ
L∑
j=1
(
Szj ρS
z
j −
1
4
ρ
)
,
where γ is the dissipation strength. This term acts like
a source of heat inducing spin fluctuations and eventu-
ally drives the system towards the infinite temperature
state, the unique steady state of the model. If not stated
otherwise, we consider here a system initially prepared
in the Ne´el state and investigate its dynamics as the
system is coupled to the environment and starts to un-
dergo dephasing. We access the full quantum dynamics
by extending the quasi-exact t-MPS techniques available
to dissipative systems to the study of two-time correla-
tions. To gain analytical insights into the evolution of
this system, we employ adiabatic elimination, valid for
times larger than 1/γ, to capture the dominant dissipa-
tive dynamics in the limit where ~γ  Jz. We focus
primarily on the two-time correlations along the z-spin
direction given by
~2 Cd(t2, t1) = 〈SzL
2
(t2)S
z
L
2 +d
(t1)〉,
where d is the distance between two spins, as they provide
the most insights into the dynamical properties of the
system, and we also investigate the corresponding equal-
time correlations.
As hinted earlier, we find the normalized two-time cor-
relations along z-spin direction to present three distinct
dynamical regimes depending on the dissipation strength,
~γ/Jx, and the interaction anisotropy, Jz/Jx. For weak
dissipation, the initial time-regime is governed by the sys-
tem unitary dynamics. For strongly interacting systems,
the dynamics is typically characterized by oscillations
due to the opening of a gap in the energy spectrum. Such
dynamics, illustrated by the grey dotted lines in Fig. 1,
is damped by the dephasing. The other curves shown in
Fig. 1 will be discussed in detail later.
After this initial unitary-like evolution, the system en-
ters a scaling regime where the two-time correlations
break time-translation invariance as they do not depend
on t2 − t1. This regime, which occurs at later times for
stronger interaction strengths, is exemplified in Fig. 2
where the correlations for d = 1 are shown. For d = 1, the
normalized two-time correlations scale as ∼ (t2/t1)−3/2
and one can see that there is a regime for which curves
with different t1, γ, and Jz nicely collapse on top of each
other. As this region is characterized by the slow alge-
braic relaxation of correlations, and by a dynamical scal-
ing that is solely a ratio of t2/t1, this system presents
emergent aging dynamics. As for d = 0, we find in
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FIG. 1. Initial quasi-unitary and intermediate stretched
exponential regimes. Logarithm of the two-time correlation
~2Cd(t2, t1) = 〈SzL
2
(t2)S
z
L
2
+d
(t1)〉 for d = 1, panel (a), and
d = 0, panel (b), versus the time difference t2 − t1 (t-MPS
data for L = 48). For weak dissipation, the initial time-
regime is dominated by the system unitary dynamics. The
dephasing noise damps out the oscillations commonly present
in the unitary evolution (dashed grey line). Following this ini-
tial regime, for sufficiently strong coupling anisotropy Jz/Jx,
the two-time correlations follow a stretched exponential: the
linear slopes indicate the presence of this regime. The thin
dotted lines are fits in the linear regions.
this case that the two-time correlations also scale alge-
braically however they do not depend solely on a t2/t1
ratio. As explained in the Supplemental material, these
scaling regimes arise when t1 lies within an interval where
the equal-time correlations along the z-spin direction de-
cay algebraically.
To identify the origin of the scaling regime, we use
many-body adiabatic elimination [18, 27] to develop a set
of differential equations capturing the evolution around
the dissipation-free subspace (see the Supplemental ma-
terial for more details). Then, resorting to the quantum
regression theorem [28, 29], we find the two-time corre-
lations along the z-spin direction to obey the following
differential equations
∂
∂τ
〈Szj (t1 + τ)Szj+d(t1)〉 =
∑
l
Gj,l〈Szl (t1 + τ)Szj+d(t1)〉
where τ = t2 − t1, Gj,l = D2 (δj+1,l + δj−1,l − 2δj,l),
D =
J2x
~2γ and the initial condition, 〈Szj (t1)Szj+d(t1)〉, is
the solution of the equal-time correlations at t1 [30].
While these equations are in principle only valid for
Jz = 0 and more complicated expressions are obtained
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FIG. 2. Scaling regime for the two-time correlations. Panel
(a): Scaling collapse for the normalized two-time correlations
between neighboring sites ~2Cd=1(t2, t1) = 〈SzL
2
(t2)S
z
L
2
+1
(t1)〉
calculated using t-MPS for L = 80. The black solid line is
a guide to the eye and highlights the (t2/t1)
−3/2 algebraic
regime. Panel (b): Comparison between the two-time corre-
lations obtained from t-MPS and adiabatic elimination. For
large ~γ/Jz ratios, adiabatic elimination describes two-time
correlations over the whole range of t2/t1 whereas, for smaller
ratios, the analytical approach successfully captures the long-
time (t2/t1)
−3/2 scaling but fails to describe the initial dy-
namics.
for finite Jz, we find that for sufficiently large ~γ/Jz their
solution and in particular the extracted scaling coincide
well with the t-MPS results. As illustrated in Fig. 2
(b), for large ~γ/Jz, adiabatic elimination describes two-
time correlations over the whole range of t2/t1, while
for smaller ratios, this analytical approach describes well
the long-time (t2/t1)
−3/2 scaling but fails to capture the
initial dynamics. The overall good agreement between
the t-MPS simulations and the adiabatic elimination ap-
proach within the scaling regime points to the diffusive
nature of the propagation of the two-time correlations un-
der the action of dephasing. One should also note that
this regime is also present if the initial state is not the
Ne´el state but is instead made of larger domains with
alternating magnetization.
Finally, the aging dynamics displayed by the correla-
tions in the z-spin direction should be contrasted with
the evolution of the two-time correlations along the other
spin directions. For the latter, the evolution leaves the
dissipation-free subspace through the application of the
lowering/rising operator S±l+d at t1. As a consequence,
4the dissipator strongly alters the evolution and these cor-
relations decay exponentially as a function of t2 − t1:
〈S+i (t2)S−j (t1)〉 ∝ e−β(γ)(t2−t1) where β is a function of
the dissipative strength γ (see Ref. [12]).
Another interesting regime occurs solely at larger val-
ues of the interaction anisotropy Jz/Jx and for particular
initial states. As shown in Fig. 1, for intermediate val-
ues of the time difference, t2 − t1, we find the two-time
correlations along the z-direction to follow a stretched
exponential: log |Cd(t2, t1)| ∼ (t2 − t1)νd where νd de-
pends on the system parameters. We checked that this
regime persists at least for distances up to d = 9 in a
system of size L = 48. This regime originates via the
occurrence of nucleation events of energetically costly ex-
citations. For the disordered XXZ model, using classical
approximations, a similar regime displaying a stretched
exponential decay was previously identified for the spe-
cial case of t1 = 0 where the two-time correlation reduces
to the single time staggered magnetization [13]. In com-
parison, here we identify, this regime for actual two-time
correlation functions over a wide range of t1 using, for
the first time, quasi-exact simulations within the t-MPS
formalism (see Fig. 1). Interestingly, even for large inter-
action anisotropy, this stretched exponential regime gives
way to the scaling regime discussed above at larger t2/t1
ratios. These two contiguous regimes are displayed in
Figs. 1 and 2 for the parameters t1Jx = 5~, ~γ = 10Jx
and Jz = 2Jx.
The mechanism behind the crossover between the
stretched exponential and the algebraic regimes can be
inferred by considering the proliferation of excitations
caused by the dephasing noise. We expect the stretched
exponential regime to be dominant only if well separated
time-scales exist for the nucleation (or annihilation) of an
excitation and for its motion. This separation typically
occurs only for states on the lower and upper bounds of
the spectrum of the XXZ model (see the well separated
energy bands at the boundaries of the spectrum in the
inset of Fig. 3).
As the dissipative evolution brings the system into the
infinite-temperature state, where all Hamiltonian levels
are equally occupied, we expect the stretched exponen-
tial to only show up in the initial dynamics when the
states at the boundaries of the spectrum are predom-
inantly occupied. This situation explains the presence
of the crossover from the stretched exponential to the
algebraic regime seen in Figs. 1 and 2 ((a) panels) for
the parameters t1Jx = 5~, ~γ = 10Jx and Jz = 2Jx
where the initial state is the classical Ne´el state which,
for Jz > 0, lies near the lower edge of the energy spec-
trum. The time interval over which this regime occurs
increases in width with the anisotropy strength, since for
large interaction anisotropies, the difference between the
intra and inter-band rates grows towards the edge of the
spectrum. If the initial state is the Ne´el state, for d = 1,
we observe that its region of existence terminates approx-
imately when two-time correlation becomes zero for the
first time.
To test this further, we consider different initial states
with zero total magnetization and a well defined number
of domain walls. For the XXZ spin-chain with Jz > 0, we
first consider the state with one domain wall which should
have the largest energy among this subset of states. As
illustrated in the inset of Fig. 3, for a system of L = 12
sites with a large interaction anisotropy one finds, using
exact diagonalization, that the state with one domain
wall has indeed strong overlap only with the most excited
levels of the system and that these levels are all well
separated from others by energy gaps. The dephasing
dynamics will then de-excite this state, but the rate of
de-excitation to lower bands will be small compared to
the rate to change this state within its own band. In
contrast, considering the state with five domain walls, we
find that it overlaps with levels located near the center
of the Hamiltonian spectrum, where the energy bands
are not well separated (see inset of Fig. 3). In fact, for
larger system sizes, these bands will get closer and closer
together. In this case, there is no pronounced separation
of scale between the intra and inter-band rate and the
stretched exponential regime will be absent.
Comparing evolutions originating from states with in-
creasing number of domain walls Fig. 3, we find that
the two-time correlations enter the stretched exponen-
tial regime only when the dissipative evolution begins
from a state on the outer edge of the spectrum that is
well separated in energy from other states (thanks to
strong interactions) confirming the picture detailed ear-
lier. For initial states located within the center of the
spectrum, where no clear separation of energy scales be-
tween the band gaps and band widths is present, the
evolution quickly enters the algebraic regime. Thus, us-
ing the initial state as a knob, one can tune the system
dissipative dynamics and unveil features of the entire un-
derlying Hamiltonian spectrum.
In summary, considering the evolution of two-time cor-
relations, we highlighted the extremely rich and intricate
physics at play in strongly interacting systems in con-
tact with an environment. We evaluated quasi-exactly
for the first time these correlations along all spin direc-
tions extending dissipative MPS to two-time correlations,
and showed that their evolution is non-trivially affected
by the presence of a dissipative coupling, even leading to
the breakdown of time-translation invariance. Perhaps
most importantly, we demonstrated that the dissipative
heating dynamics reveals fundamental spectral features
of the underlying Hamiltonian. This finding paves the
way to the development of non-equilibrium techniques
to probe the spectrum of strongly correlated many-body
systems.
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FIG. 3. Hierarchical dynamics. By increasing the number of
domain walls (DW, see sketch in the figure) in the initial state,
the dynamics of the two-time correlation function evolves
faster from a regime where it follows a stretched exponen-
tial towards an algebraic region. The full quantum evolution
obtained by t-MPS is shown for L = 64, Jz = 10Jx, ~γ = 2Jx
and t1Jx = 5~. The inset shows the overlap (blue circles)
of initial states with different numbers of domain walls with
the energy eigenstates (grey vertical lines) of HXXZ computed
with exact diagonalization for a system of size L = 12 (with
open boundary conditions) and Jz = 10Jx.
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1Supplemental material
Adiabatic elimination formalism
At sufficiently large times, irrespective of the spin-spin
interaction strength, the dissipation-free subspace will
be reached. While this subspace is highly degenerate
with respect to the dissipator, the Hamiltonian can pos-
sibly lift this degeneracy. In order to understand the
non-equilibrium dynamics taking place, we perform adi-
abatic elimination revealing how spin-flip induced vir-
tual excitations around the dissipation-free subspace af-
fect the evolution of the system. For the system un-
der study, in the presence of periodic boundary condi-
tions, the dissipation-free subspace can be written down
as ρ0 =
∑
~σ ρ0,~σ|~σ〉〈~σ| where the different spin configura-
tions are labeled within the z-component basis such that
~σ = (σ1, σ2, · · · , σL) with σl = ±1/2. For times larger
than 1/γ, the density matrix evolution is then effectively
described by the set of differential equations
∂ρ0,~σ
∂t
=
L∑
j=1
J2xγ
2
[
(Jzαj)
2
+ (~γ)2
]δσj ,σ¯j+1 (ρ0,~σj − ρ0,~σ) ,
where αj = 2(σj−1σj + σj+1σj+2), ~σj is the spin con-
figuration ~σ with swapped spins at site j and j + 1 and
σ¯j = −σj .
Equal-time correlations
Within adiabatic elimination, the equal-time correla-
tions can be calculated in two different ways. Using
kinetic Monte Carlo, we can solve numerically for ρ0
and then compute the correlations. While in a sec-
ond approach, valid for ~γ  Jz, we use the differen-
tial equation found above for ρ0 to write down a set
of coupled differential equations for ~2Cj,j+d(t1, t1) =
〈Szj (t1)Szj+d(t1)〉. Together with periodic boundary con-
ditions, these equations take the form
∂
∂t1
Cj,j±1(t1, t1) =
D
2
(Cj∓1,j±1 + Cj,j±2 − 2Cj,j±1) ,
∂
∂t1
Cj,j+d(t1, t1) =
D
2
(Cj+1,j+d + Cj−1,j+d + Cj,j+d+1
+ Cj,j+d−1 − 4Cj,j+d) , for |d| > 1,
(1)
where D =
J2x
~2γ and here Cl,l+d stands for Cl,l+d(t1, t1).
If the system is initially prepared in the Ne´el state, the
correlations are translationally invariant, Cd(t1, t1) =
Cj,j+d(t1, t1) with equations
∂
∂t1
C±1(t1, t1) = D (C±2 − C±1) ,
∂
∂t1
Cd(t1, t1) = D (Cd+1 + Cd−1 − 2Cd) , for |d| > 1,
and one should note that Cd = C−d. To solve this
system of differential equations, it is advantageous to
redefine the equal-time correlations such that the evo-
lution for all distances is decribed by an differential
equation of the same form. To do so, we redefine the
correlations as C˜d(t1, t1) = Cd(t1, t1) for d ≥ 1 and
C˜d+1(t1, t1) = Cd(t1, t1) for d ≤ −1 implying that
C˜d(t1, t1) = C˜−d+1(t1, t1) for d ≥ 1. One can then write
down a diffusion equation for C˜d with diffusion constant
D and periodic boundary condition
∂
∂t1
C˜d(t1, t1) = D
(
C˜d+1 + C˜d−1 − 2C˜d
)
valid for −L2 + 2 ≤ d ≤ L2 . This equation can be solved
analytically in terms of the modified Bessel functions
In(x), and has for solution
C˜d(t1, t1) =
1
4
e−2Dt1 ×−Id(2Dt1) + L2∑
j=−L2 +2
(−1)jsign(j)Id−j(2Dt1)
 .
For d ≥ 1, in the limit where L  1, the equal-time
correlations take the form
Cd(t1, t1) =
(−1)d
4
e−2Dt1
d−1∑
j=1−d
(−1)jIj(2Dt1), (2)
and, furthermore, in the long-time limit, Dt1  1, when
In(x) ∼ ex/
√
2pix, these correlations simplify to
Cd(t1, t1) ∼ − 1√
64piDt1
.
Therefore, equal-time correlations scale in time as t
−1/2
1
in agreement with t-MPS simulations as seen in Fig. 1
(a). In fact, due to the form of the differential equa-
tions, one can infer that equal-time correlations propa-
gate diffusively under the action of the dephasing envi-
ronment. In Fig. 1 (b), one sees that all three meth-
ods, kinetic Monte Carlo, analytical adiabatic elimina-
tion and t-MPS, predict the same scaling behavior at
large times. While parallel, the analytical curve appears
slightly below the two other ones, this discrepancy arises
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FIG. 1. Equal-time correlations. Panel (a) shows the ap-
proach of a regime with diffusive dynamics for the normal-
ized equal-time correlations, |Cd(t1, t1)/Cd(0, 0)|, for spins
separated by different distances d where ~2Cd(t1, t1) =
〈SzL
2
(t1)S
z
L
2
+d
(t1)〉. The thin dotted black line is a guide to
the eye highlighting the scaling at long times. Panel (b) com-
pares the full quantum evolution of the density matrix, with
a kinetic Monte Carlo simulation of the evolution within the
dissipation-free subspace, and with the solution obtained by
solving the differential equations presented at Eq. 1. Param-
eters are ~γ = 2Jx, L = 80 and Jz = 2Jx.
as obtaining an analytical solution requires to set Jz = 0.
However, even for finite Jz, the agreement between the
analytical and the two other solutions gets better as the
ratio ~γ/Jz increases.
Two-time correlations
The long-time scaling of two-time correlations can
also be understood analytically. In this case, to make
progress, one needs to resort to adiabatic elimination and
also make use of the quantum regression theorem [1, 2].
As within adiabatic elimination, for times larger than 1/γ
and for ~γ  Jz, the evolution of 〈Szj (t)〉 is governed by
the linear differential equation
∂
∂t1
〈Szj 〉 =
D
2
L∑
l=1
(δj+1,l + δj−1,l − 2δj,l) 〈Szl 〉
=
L∑
l=1
Gj,l 〈Szl 〉, (3)
the quantum regression theorem states that the two-time
correlation functions
~2Cj,j+d(t1 + τ, t1) = 〈Szj (t1 + τ)Szj+d(t1)〉
should be described by the differential equations
∂
∂τ
Cj,j+d(t1 + τ, t1) =
L∑
l=1
Gj,l Cl,j+d(t1 + τ, t1)
where Gj,l are the same matrix elements as in Eq. 3. As-
suming once again spatial translation invariance this set
of equations reduces to a smaller set of diffusive equations
for Cd(t1 + τ, t1) with diffusion constant
D
2 ,
∂
∂τ
Cd(t1 + τ, t1) =
D
2
(Cd+1 + Cd−1 − 2Cd),
here Cl stands for Cl(t1 +τ, t1). Solving this set of differ-
ential equations, we find the two-time correlations along
the z-direction to evolve as
Cd(t2, t1) = e
−D(t2−t1) ×
L
2∑
d′=−L2 +1
Cd′(t1, t1) Id−d′(D(t2 − t1))
where t2 = t1 + τ . Then, using as initial conditions
Cd(t1, t1) obtained in Eq. 2 for d ≥ 1 together with
Cd=0(t1, t1) =
1
4 and C−d(t1, t1) = Cd(t1, t1), we find for
d ≥ 0, in the limit L 1, that the two-time correlations
can be rewritten in the more amenable form
Cd(t2, t1) =
1
4
e−D(t2−t1)Id(D(t2 − t1)) (4)
− 1
4
δ0,d e
−D(t2+t1)I0(D(t2 + t1))
+
(−1)d
4
(1− δ0,d) e−D(t2+t1)
d−1∑
j=1−d
(−1)jIj(D(t2 + t1))
+Gd(t2, t1),
where
Gd(t2, t1) = e
−D(t2−t1)
∞∑
d′=1
Cd′(t1, t1) (5)
× (Id+d′(D(t2 − t1))− Id+d′−1(D(t2 − t1))).
Using this expression, we then evaluate the scaling of
the normalized two-time correlations in the limit Dt2 
Dt1  1. While for the first three terms of Eq. 4, we
simply expand In(x) for large x, for Gd(t1, t2), we also
need to take the continuum limit in order to carry out an-
alytically the sum over d′. This additional limit amounts
to approximate Cd′(t1, t1) in Eq. 5 as
Cd′(t1, t1) ∼ −1
4
1√
2pi(2Dt1)
e−
1
2
d′2
2Dt1 .
For |d| ≥ 1, the normalized two-time correlations there-
fore scale as
Cd(t2, t1)
Cd(t1, t1)
∼−
√
2
(
t2
t1
)− 32
×(
1 +
1√
pi
(Dt1)
− 12 − 1
4
(Dt1)
−1
)
.
3Thus, for very large Dt1, only the leading contribution
remains and the normalized two-time correlations scale
as ∣∣∣∣Cd(t2, t1)Cd(t1, t1)
∣∣∣∣ ∼ √2( t2t1
)− 32
, |d| ≥ 1,
which is in agreement with the results obtained from
t-MPS. This result highlights that aging dynamics can
emerge from diffusive processes triggered by dephasing
noise. Finally, for d = 0, where C0(t1, t1) =
1
4 , the long-
time limit of the normalized two-time correlation scale
as
C0(t2, t1)
C0(t1, t1)
∼ 1√
2pi
(Dt1)
− 12
(
t2
t1
)− 32
×(
1 +
1√
pi
(Dt1)
− 12 − 1
4
(Dt1)
−1
)
.
Consequently, on-site two-time correlations break time-
translational invariance and scale algebraically; however,
to leading order, these correlations do not solely depend
on the ratio t2/t1 and thus do not display aging.
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